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THE ARENARIUS OF ARCHIMEDES. 



READ TO THE ASHMOLEAK SOCIETY, NOV. 11, 1836. 



vJf all the mathematicians of antiquity, Archi- 
medes is confessedly the first for power and ori- 
ginality. Every one knows his use of hydrostatics 
in the examination of Hiero's crown, and the ex- 
traordinary machinery by which he enabled his 
countrymen to defend the city of Syracuse against 
the Romans: his geometrical works are efforts of 
transcendent skill ; and in his treatise, entitled 
^atJLfjLiTri^, or Arenarius, he shews the means . of 
accomplishing what in his time appeared to all 
others to be impossible. This treatise stands, from 
its subject, distinct from the rest of his works, but 
it is not on that account the less interesting or 
valuable. It gives us, indeed, no specimen of that 
beautiful geometry, in which the ancients taught by 
their example the most perfect form of close and 
logical reasoning ; but if its want of this attraction 
has made us less familiar with it, the same circum- 
stance adds a certain variety to the method of inves- 
tigation which it pursues. 

Archimedes was related to the kings of Sicily, 
and addresses his work to Gelo the eldest son of 
Hiero. It appears that the grains of sand at Syra- 
cuse had been held by some to be infinite, and that 
even those who could not admit such an unqualified 
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assertion, still considered them to exceed any num- 
bers that could be assigned for them. This seems 
to be a speculation from which no practical advan- 
tage was likely to be produced, and none possibly 
was derived from the mere resolution of the ques- 
tion ; but in the means which Archimedes devised 
for this purpose, we find the principle not only 
invented, but brought into actual operation, which 
in our later times has formed one of the greatest 
means of shortening labour in the conduct of arith- 
metical processes. The excellence of the Oriental 
numerals has reduced the Grecian arithmetic to an 
object of historical curiosity, and we can only ad- 
mire the ingenuity of those who could work with 
such awkward implements. The Arenarius, indeed, 
is employed rather on the arrangement than the 
notation of numbers, but the imperfection of that 
notation would, in any common hands^ have proba- 
bly soon put a stop to the inquiry. No one can 
read the treatise without finding how much more 
clearly he can follow the reasoning of it, by reducing 
the several parts to the figures which we have now 
in use; how much, therefore, must the difficulty 
have been increased when the ideas to be expressed 
were entirely new ! Archimedes, however, confident 
of his powers to overcome the difficulty, at once 
endeavoured to take it in its greatest possible extent, 
and asserted that he could assign the numbers 
which should exceed not only the sands of Syracuse 
and Sicily, but of what would be sufficient to fill a 
sphere, equal to the earth, or even to the world 
itself. 

Koa-fAog^ by most of the ancient astronomers, was 
understood to denote a sphere, of which the radius 



too much of modem discoveries, but it is clear that 
Aristarchus had advanced far beyond the views of 
his contemporaries; and although he still retained 
the common impression of the fixed stars being all 
at an equal distance from us, this theory is even 
now abandoned only from reasoning on general 
analogies, not from demonstration. But after all^ 
there was nothing here for the geometer to stand 
upon, and such an immeasurable magnitude would 
indeed have made it impossible to have met the pro- 
blem in the extent under which Archimedes was 
willing to take it; but he might have limited his 
conditions, and could have easily done so, without 
diminishing their general effect. 

Archimedes, however, endeavours to extract a 
manageable meaning from the description of the 
system of Aristarchus. Unwilling to abandon the 
idea of the sun's motion, he says, that as the earth 
was generally taken for the centre of the universe, 
the intended ratio must have been, that its magni- 
tude was the first of three proportionals, of which the 
second was the icoo'/xo?, (in the common acceptation of 
the word,) and the third the sphere of the fixed stars. 
This gave him quantities which must have been con- 
sidered as an ample allowance for the size of his 
largest space: indeed in all his calculations he 
uniformly endeavours to exclude all cavil and objec- 
tions, by going beyond what might be necessary for 
establishing the truth, and in consequence is led 
from any attempt at minute accuracy in his funda- 
mental quantities. For his smallest body he con- 
cludes that a sphere, one Sducrvkog in diameter, could 
not be supposed to contain more than 640 millions 
of grains of sand ; and for his largest receptacle, that 
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gamated in order to determine the product of the 
whole. Accustomed as we are from our childhood 
to the use of the Oriental ciphers, the canying on 
the tens seems to be very simple, — and so it is in 
practice ; but the original introduction of this most 
useful process is wholly artificial, and was of itself 
by no means originally obvious. The first attempts 
in endeavouring to grapple with the difficulty, were 
clearly to secure the largest products, and to correct 
them by the addition of those which were of smaller 
value. This has in consequence been found to be 
the method adopted by self-taught reckoners. In 
18279 a l^dy of the name of Noakes^ was exhibited 
here in Oxford, who possessed great powers of 
working sums without paper; and circumstances^ 
which escaped him, led to the supposition of his 
multiplying from left to right. Upon inquiry this 
was found to be the case ; and such is the force of 
habit in these operations, that when the contrary 
order was pointed out to him, he did not seem to 
appreciate the advantage of it. Another distant 
and unconnected instance may be brought forward 
in confirmation of the same view. In January 
1712, an account was sent from Dublin to the Royal 
Society of a boy of 7 or 8 years of age, who worked 
large sums in his head in this same way; and 
Dr. Halley remarked at the time, that it was the order 
in which the Greeks proceeded in their multiplica- 
tion ; their numerals, indeed, were not calculated to 
suggest the advantages of the contrary method. 

The myriad was the highest quantity for which 
there was a specific name in the common language 
of Greece, and this they went on repeating for the 
number of times which the occasion might require. 
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mained for centuries without its due expansion, and 
his method of reasoning, which under more fa- 
vourable circumstances has been the basis of the 
modern analysis, remained only the noble instance of 
his mighty individual powers. For the numeration, 
however, of the high numbers to be used in the Are- 
iiarius, he completed the whole system in the most 
perfect manner; and by assigning general descriptive 
names to the several parts, he avoided on one side 
the multitude of arbitrary specific denominations, 
which would soon have grown overwhelming to the 
memory ; and on the other side he avoided the use 
of mere symbols, which it would have been impos- 
sible to have supplied in sufficient copiousness, after 
the method of the Greek notation, or to compress 
into any reasonable space, even now when we have 
recourse to the Oriental ciphers. 

Simplicity and perspicuity were not the only ad- 
vantages obtained by Archimedes. These large num- 
bers were to be multiplied together, and as they in- 
creased, the difficulty of this process might na- 
turally be expected to increase with them ; but his 
arrangement enabled him to point out a method, 
by which this might be done with as little trouble 
for the highest orders of his periods as for his low- 
est numbers. He observed, that beginning from 1, 
and taking his monads in uninterrupted succession, 
the multiplying any two of them together would 
produce a monad, which would lie as far beyond 
the larger factor, as the smaller was removed from 
unity^. From modern algebra we learn, that when 

^ The manner in which he arrives at this conclusion is 
very curious: tfarav dpiBfiol rwh avdKoyov dnh fiovabos, ol a, 

P, y, d, c, {, rj, $, i, K, \, fioyhs de eoro) 6 a* Koi TrapaTrdKKafrrXao'ida'B^ 
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been liable to great inaccuracies, others in monaste- 
ries could proceed with more leisure, and may have 
executed their task with more fidelity. The Oxford 
MS. is not considered of an earlier date than the 
15th century^, and it is impossible to say that the 
prototype from which it was taken, or others from 
the same source, may not now be in existence. 
None indeed of these are known ; but no more was 
this very book till within these last few years : a 
number of its best readings coincide with the ex- 
pressions in the old Latin published by Hervagius ; — 
are we from thence to conclude, that it was the iden- 
tical MS. from which that translation was made ? 
This could not be maintained, and if it can not, 
these readings have existed in some other MS., 
which may yet be brought to light. 

When an allowance has been made for the resto- 
ration of Doric forms and for the corrections of ob- 
vious errors, the number of places is very small in 
which Dr. Moor's text differs from that of our MS. 
In the copy of his letter to the Abb^ Salier, he men- 
tions that a new type was to be formed at Glasgow 
from that of the Louvre Terence, and that he was 
waiting for it in order to print a Latin translation of 
the work. He speaks also of the notes which he 
intended to annex to the whole. But nothing has 
been met with to indicate his having executed these 
parts of his design, and it is impossible to tell what 

' It contains an ancient form of the beta u (vid. Montfaucon 
Palseog. Grseca p. 336,) but the use of it is confined to the word 
ipd6fios. This may be the trace of an old MS. from which it 
was transcribed. Nothing more can be deduced from it, 
since^ for other words, the common form of the letter is 
constantly occurring. 
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next round number above the larger of these quan- 
tities. Now Dr. Moor in this place has eScoo-i %^ in 
words, and he could have no inducement to intro- 
duce an alteration of the units ; for the argument in 
favour of X for k will be as strong against 26 as 
against 25. There can be no reason given for what 
he has printed, but the supposition of his having 
found it so in his MS., and if he did, it was not the 
same with ours, which distinctly reads kc, or 25, in 
numerals. 

The Quarterly Review**, in an account of Pey- 
rard's Archimedes, tells us, that *' the most valuable 
** edition of the Arenarius is that published in Eng- 
" lish at London in 1784, by Mr. George Ander- 
son," and that it " deserves notice, not only as the 
first edition of any part of Archimedes' works in a 
modem language, but on account of its useful and 
ingenious notes and illustrations. It is followed 
by a translation of the Latin dissertation of Chris- 
topher Clavius on the same subject, and is alto- 
gether so valuable, that we cannot but regret that 
** it has become scarce." It is by no means accu- 
rate to describe this as the first translation from 
Archimedes into a modern language ; for the trea- 
tise, " De iis quae humido vehuntur," was published 
in Italian by Tartaglia in 1551, in French by Pet. 
Forcadellus in 1565S and in English, as a part 
of his Mathematical Collections, by Salusbury in 
1662^. J. Ch. Sturm likewise published a German 

^ Vol. iii. p. 92. 

* Fabricii Bibliotheca Graeca a Harles, vol. i v. p. 177. Petrus 
Forcadellus was probably Pierre de Forcadel de Beziers. 

^ III the General Dictionary by Bernard, Birch, and Lock, 
man, it is said in a side note (vol. v. p. 372.), with respect to 
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translation of the Arenarius in 1667, and of several 
of the works of Archimedes in 1670. All this, how- 
ever, in no way diminishes the value of Anderson's 
work, which, though it would admit of improve- 
ment, is still possessed of considerable merit. 

Anderson entered at Wadham college in March 
1780^ and was appointed Bible clerk in the follow- 
ing July. He was the son of a small farmer of 
Weston Turvill in the county of Buckingham, and 
arrested the attention of all who knew him by his 
early and self-taught acquirements in the mathe- 
matics. By the benevolence of the vicar of White- 
church, near Aylesbury, he was not only sent to 
college, but was in great measure supported dur- 
ing his residence in Oxford. After proceeding to 
his bachelor and master's degrees, as soon as he was 
of standing for them, he took deacon's orders, but 
appears to have advanced no further, nor to have 
long directed his thoughts to the pursuits of the 
profession. His kind friend, the rev. Mr. King, 

Salusbury's Collections, that " almost the whole impression of 
*' the second tome was destroyed in the fire of London in i666. 
^^ The only copy perhaps now extant is in the curious library of 
'' Will. Jones, esq. F. R. S." Mr. Drinkwater, in his Life of 
Galileo, (p. 104,) says, that " only one copy is known to be ex- 
" tant in England." He quotes Chauffepie for his authority, 
probably not being aware that this French writer merely trans- 
lated in 1750 what had been published in England by Bernard 
and his coadjutors in 1737. The translation of Archimedes 
makes a part of the second tome; but having been printed four 
years previous to the latter part of the Collections, some copies 
of it got abroad before 1666: one is in the Bodleian. Still, 
however, they are very scarce, and may easily have escaped the 
reviewer's notice. 

^ Many of the following particulars are taken from an account 
of Anderson in the Monthly Magazine, vol. i. p. 345. 
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afterwards recommended him to Mr. Scrope Ber- 
nard, and by the assistance of lord Grenville he ob- 
tained employment under government. He is 6aid 
in the Quarterly Review to have been confidential 
derk to the board of control under Mr. Dundas. 
His real place was " accountant" in that oflSce, and 
he obtained it about 1787, but he certainly was en- 
trusted by ministers with other confidential busi- 
ness; since his anxiety to complete some calcula- 
tions for the budget of 1796 made him neglect, till 
It was too late, a disease which in consequence 
ended his life within a few days. When this took 
place he was only in his 36th year ; and the presi- 
dent of the board, in a letter of condolence to his 
widow, described him (apparently with great truth) 
" as a public loss." 

He is said to have made himself well acquainted 
with the affairs of the East Indies, and to have 
drawn up a valuable work connected with them ; 
but, with this exception, he seems to have published 
nothing of any magnitude but the translation 
from Archimedes. He evidently knew little or no- 
thing of the learned languages before he came to 
Oxford, and he then applied himself to them rather 
as a duty than as a source of intellectual gratifica- 
tion; but he was endowed by nature with strong 
talents, and his proficiency obtained for him one of 
the Hebrew exhibitions which Dr. Hody had found- 
ed in his college. He was enabled to pass the ex- 
aminations, which he had in consequence to undergo 
from the regius professor of that language, but still 
he must have felt that his acquirements in lite- 
rature were not what he had most to rely upon. 
His translation of the Arenarius was published 
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about the time of his taking his degree, and, under 
all the circumstances of the case, does him great 
credit ; but it must be looked upon as the work 
rather of the mathematician than of the scholar 
and the critic. He probably had no means of 
making himself acquainted with some unpublished 
remarks on the work by Dr. Wallis, which are pre- 
served in the Savilian library; but he speaks™ of a 
copy of the Basil Archimedes in the Bodleian, 
" with MS. corrections by Dr. Bernard," which he 
could not have examined ; for if he had, he would 
have found that for the ^afifilrn^ they contained 
little more than a partial insertion of some read- 
ings adopted by Rivaltus. These, indeed, could 
have been of no service to him ; but he would have 
gained a great advantage, if he had not, from an ex- 
cess of caution, declined to make any use of Dr. 
Moor's edition, to which nevertheless he frequently 
alludes. The form in which it got abroad was cer- 
tainly calculated to excite hesitation, and as he 
found no information of the authority for the varia- 
tions in the text, he would have been right to have 
considered well before he admitted them ; but he 
should have recollected that Wallii^s emendations 
were all conjectural, and even if the later edition 
had been corrected in the same manner, it became 
merely a critical question to determine which of the 
editors had suggested the more probable readings. 
He explains his reasons in a note ^ on the first page 
of his book. He points out, that in the very se- 
cond sentence of the treatise, there is a variation 
in the old Latin of the Basil edition from the trans- 

™ Page xiv. "^ Page 33. 
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lation which he has given ; and he goes on to say, 
*' with this (Latin) the anonymous Greek edition of 
^ the Arenarius alone agrees, having instead of Xeyw, 
iyw, and adding, to render the sentence complete, 
Trejrepacrfievop (pa/uu elfxev* But as there appears no 
other authority for so material an alteration in 
*^ the Greek text and its signification, that meaning 
** is here given which seemed to agree best with 
" the more ancient Greek copies, and which is also 
*^ given in the Latin translations of Paschasius, 
" Commandine, Rivaltus, and Dr. Wallis." Now 
the title of the work published by Paschasius Ha- 
raellius is only, *^ Commentarius in Archimedis li- 
^^ brum de Numero Arenae ;" and although he states 
the parts of the book as introductions to his seve- 
ral remarks, he does not always give complete and 
exact translations of them; his expressions, there- 
fore, are only of secondary use in settling the text. 
Commandine, as has been already mentioned, trans- 
lated from a bad manuscript, and Wallis says of 
him S that in some places ^^ sensum potius sequitur 
** quam verba.*' Of Rivaltus it will not be severe 
to assert that he can never be depended on; and 
Dr. Wallis for himself says p, " Hervagius, cum vi- 
** deatur etiam ea loca, quae manifesto erant depra- 
" vata, ita edidisse ut in manuscripto codice reperta 
" fuerant, nobis interim integrum reliquit, per veri 
'* quae supersunt vestigia, nostras etiam coujecturas 
" interponere, absque irapaSiopdd/iAarog praejudicio." 
His main foundation rested entirely on the imper- 
fect text of Hervagius's edition. As far as authority 
therefore is concerned, very little from the formidable 

o Introduction to the notes. P Ibid. 
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array of Mr. Anderson can be opposed to the better 
sense which may be found in the Basil Latin. He 
seems, however, to have unfortunately taken a very 
mistaken view of this part of the subject. He says% 
that the ^^ anonymous edition of the Arenarius seems 
to have been altered on purpose to agree with 
the (old Latin) translation." It is now certain that 
this suspicion was inaccurate ; but if it had not 
been so, still it was no reason for the total rejection 
of the edition. Its variations from Wallis's are 
generally for the better, but in many places they go 
beyond alterations of punctuation, or mere verbal 
corrections. The adoption of the words in which 
they are expressed would have required mature de- 
liberation in one who was about to publish the ori- 
ginal Greek, but the case was widely different for 
an English version '. It would have been fair in 

q Page XV. 

Jf It may be remarked, likewise, that Mr. Anderson was not very 
scrupulous in adhering closely to his original, when he thought 
that he could improve it. Archimedes, after having laid down 
the absolute quantity in stadia, beyond which he concluded 
that the diameter of his universe could not extend, goes on to 
find a magnitude which the grains of sand would not exceed in 
minuteness. He then, after explaining his system of numera- 
tion, proceeds to calculate how many of such magnitudes would 
be required to make up spheres of different dimensions. Now 
Mr. Anderson entirely omits the first estimate of the minute 
grains of sand from its proper place, and interweaves the parti, 
culars of the passage with the other second part, in which the 
calculation begins. It possibly did not strike him, that he was 
by these means violating the clear method which Archimedes 
had adopted : and without obtaining any real advantage, he has 
thus departed fi'om that faithfulness with which a translator 
ought always to endeavour to exhibit the writings on which he 
is employed. 



30 

we learn the true reading of the sentence just re- 
ferred to. BocrcXiici 6S69 appears to have been no 
unusual expression with other writers; and as there 
has been no second edition of Proclus, it has natu- 
rally been adopted whenever allusion is made to 
this passage ; but Euclid told the king in still 
more terse and definite language, ^ /uajSe/uLiav etvai fia- 

o'lXiKfjv arpaTTov hri yeoofierplav, 

X In the text of the MS. the word is /ii?, which Dr. Gaisford 

• • • 

has adopted in his edition of Stobaeus, (vol. iv. App. p. 45. note^,) 
where he gives the whole passage; but in the margin of the MS., 
against the same line, we find ^uiv, which is probably intended 

« • • • 

for fujbtniav, as Barocius translates the word by ** nullam." 



^*^ Some mistakes having been made with respect to the 
measurement of the sun*s diameter by Archimedes^ it may be 
useful to clear up the obscurity which they have introduced into 
that part of the treatise. 

For the fundamental observation^ he says^ reBevros fiaicpov Kovd^ 
pos irrl cTrtiredov, 6p06v iv tSttij^ Kcifjievop oBep fffuXKcp dparcKK&p 6 0X109 
6pao-Bai' Ka\ KvKivbpov fUKpov roppevBtpros Ka\ reBcPTOs cnrt t6p Kav6pa 
opBovy evBeas fura rap avaroXop rov akiov' lircira, coptos ovtov itoti 
r^ 6pi(oPT^y koi dvpafiepov aprt^iir^trBcu, hrtarpaffni 6 kopc^p es top 
oKiop, Koi a Sylris KarcfTToBfi liri rh cucpop rov Kap6pos* 6 be Kiikipbpos, €P 
li€<r<f K€ifi€Pos Tov Tc oXiov KOI Tos Syltios, eirccKc^rei r^ aki«^' dvroxo>pi' 
(ofjjpov oZp rov Kvkipbpov dirb ras ^tof, ip ^ rSnc^ ap^aro TrapaicfMu- 
P€0-Bal rt rov akiov p.ixphp i<fi iKarepa rov KvXipbpov, KccrtaraBff 6 kv- 
XivBpos, 

This text differs but very little from that of Dr. Moor. 
Hervagius has im rop KovSpa opBov, but Rivaltus prefers opBpov, 
which, as Dr. Wallis remarks^ " sensum pervertit." The MS. C, 
however, of the French king's library, which was collated for 
Torelli's edition^ has opBpov in the text^ and the MS. .B has it as 
a marginal correction -, the Oxford MS. has likewise the same 
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reading, and Dr. Moor prints the passage^ Kvkipbpov 

TtOivros en\ rbv Kav6va^ 6p6pov, €v6€<i»s fierb, rhv dvaroKav rov akiov. 
Now it is difficult to conceive any good reason why the cylinder 
was to be applied rather at this particular time than at any 
other previous to the observation. This applies to both the 
readings ; but there is a contradiction in speaking of the '^ twi- 
'^ light, immediately after (or even at) the rising of the sun." 
There can, therefore, be no doubt of this reading being wrong, 
and that the original word restored by Dr. Wallis is right. 

The Kava>y was a straight rod, which having been placed flat 
against the side of an upright plane, a well turned cylinder was 
contrived to move along it at right angles to that plane : this was 
placed at first so near the eye as entirely to cover the sun's disc, 
and then gradually removed till a small quantity of the sun's 
light became visible on each side of it. 

Paschasius Hamellius saw accurately from this description, 
that Archimedes observed the perpendicular, and not the hori- 
zontal diameter of the sun. It was the more easy to observe, 
and Archimedes might not have been aware of the error which 
was thus occasioned by the difference of refraction on the upper 
and lower limbs ; or having marked the oval form of the orb on 
the horizon, he may have taken the shorter diameter in order 
to give the greater force to his argument. His object was to 
deduce the sun's distance from its assumed magnitude and 
apparent diameter ; consequently the less the observed angle, the 
greater would be the radius of his K6(rfios, 

Hervagius begins the description by redevros yMKpov kovSpos 
eiriTTcbov, and the old Latin translation renders it '^ posita longa 
" regula super planum erectum ;" but Rivaltus, finding nothing 
to govern iirvrrcbov, proposes to divide the word into two, iirX 
nebov, and confuses the whole by supposing that the cylinder 
lay flat on an horizontal table, which was placed upon an 
upright stand. Dr. Wallis saw that this position was objection- 
able, and incompatible with the reading which he adopted ; but 
the deficiency of grammatical construction induced him to ad- 
mit the conjecture of «ri nebov, in which he was certainly 
mistaken. " Super fulcrum" is the sense which he gives to the 
words ; but neBov is a distinct root, not a derivative from ttovs ; 
it means the ground itself, not a support, which may raise any 
thing above the surface. He says also, " erigendus cylindrus 
'' est ad regulam normalis," which seems to indicate that he 



S2 

considered the cyliader to be used for measuring the horizontal 
diameter of the sun, and this appears to be the sense in which 
Mr. Anderson has understood the passage, but there can be no 
doubt that all difficulty and ambiguity are best remored by Dr. 
Moor's reading, which agrees with that of the Oxford MS. 
Nothing can be more easy to conceive than that the transcriber 
overlooked the first in the consecutive repetition of iirl. 

In a subsequent demonstration Archimedes takes the case 
when the sun has risen above the horizon, and argues from its 
centre being then further from that of the earth than from the 
place of observation. Nothing can be more clear and simple 
than this truth, as derived from the diagram commonly used for 
the illustration of parallax in altitude; but Dr. Wallis has 
thought it necessary to add an explanation, in which he deduces 
this fact from the obtuse angle which will be made by the line 
drawn from the eye of the observer to the centres of the sun 
and the earth, which he says must be so '' propter solis diame- 
trum majorem quam telluris." Now the annexed reason only 
creates a difficulty. It is hard at first to see what difiPerence can 
be supposed to exist in this respect between the sun's centre 
and a fixed star ; but the error is derived from Commandine's 
commentary, where he introduces the case of the sun being on 
the rational horizon, and says, that as its semidiameter is greater 
than that of the earth, its centre would then be raised above the 
sensible horizon. Now there is no reason whatever for this re- 
finement. Archimedes argues from the angle which he observed 
the perpendicular diameter of the sun to subtend, and even if 
any doubt could remain of his meaning, it must be removed by 
his precisely representing the position of the horizon, in his di- 
agram, by a line which is a tangent to the earth's surfeu^ at the 
point where the observation is supposed to be made. 



